Computer Science Department Technical Report
University of California
Los Angeles, CA 90024-1596

THE LUO-RUDY MODEL OF CARDIAC ACTION POTENTIAL:
COMPUTER IMPLEMENTATION AND CONTROLLABILITY

Billett March 1993
. Kogan CSD-930010

W o
<0






The Luo-Rudy Model of Cardiac Action Potential: Computer

Implementation and Controllability

Brian S. Billett and Boris Y. Kogan

March 24, 1993



Abstract

Recent advances in single cell and single channel recording techniques have lead to the
generation of more accurate descriptions of cardiac muscle cell ion channel kinetics, and the
development of a new mathematical model of its action potential, the Luo and Rudy model.
In order to study the propagation effects of drugs by spatial simulations, it is first necessary
to develop a means to control some characteristics of action potential given by this model.
Presented here are the results of computer implementation, validation, and controllability

experiments of the Luo-Rudy model of cardiac action potential.



DESCRIPTION OF THE MODEL

One of the most recent and complete mathematical models for the membrane action
potential of myocardium was published by Luo and Rudy [1] (hereafter referred to as the
Luo-Rudy or L-R model). Based on the Hodgkin and Huxley [2] paradigm for action
potential, this model updates the widely accepted and used Beeler—Reuter model [3] by
incorporating more accurate ionic descriptions from the Ebijara—Johnson model [4], and
the most recent available quantitative data from single cell and single channel experiments.
Although, the model does not explicitly include some aspects of action potential, including
the active sodium ion pump, it is now considered the most complete and accurate model
available.

The important improvements from the Beeler~Reuter model include more accurate fast
inward sodium ion and outward potassium ion kinetics. Also new is the facility for specifying
the extracellular potassium ion concentration - [RK’],. The sodium channel modifications
are particularly important because of the effect on the action potential depolarization and
upstroke ( E,,qe, which influences propagation characteristics.

The L-R model is generally based upon the Hodgkin-Huxley type formalism. The rate

of change of action potential is given by the equation:

dE[dt = —(1/C)I; + Iytim) (1)

where F is the membrane potential, C is the membrane capacitance, I is a stimulus
current, and [; is the sum of ionic currents into the cell.

In order to explain and characterize changing ion kinetics, ion “gates” — variables that
determine conductance of the membrane to specific ions, are used. These gating variables
are determined by a system of coupled nonlinear ordinary differential equations. Each ion
channel uses one or more gating variables to match the kinetics of real experimental data.

FEach channel is described by a differential equation of the form:

dy/dt = (yoo — y)/7y (2)



where
Ty = 1/(ay + By)
and

Qy
ay + By

Yoo =

(3)

(4)

here y is the gating variable, 7, is its time constant, and ¢, and 3, are “opening” and

“closing” rate constants, which are functions of E.

The Luo-Rudy model includes six ionic currents:

In, — the fast sodium current

I; — a slow inward current

I — the time dependent potassium current
Ix4 — the time independent potassium current
Irp — the plateau potassium current

Iy — the background or leakage current

Below is the complete description of the model currents:

Fast sodium current:

Ine = 23m3hj(E — En,)

For £ > —40mV:

ap = a; = 0.0

Br = 1/(0.13(1 4 exp{( F + 10.66)/ ~ 11.1}))

B; = 0.3exp(—2.535 - 1077 E)/(1 + exp[-0.1( E + 32)]))
For £ < —40mV:

ay = 0.135exp[(80 + E)/ — 6.8]

Bn = 3.56 exp(0.079E) + 3.1 - 10°exp(0.35E)

(5)



a; = ([—1.2714-10° exp(0.2444 £)— 3.474-10% exp(—0.044 E ) }( F+37.38))/(1+exp[.311( E+
79.23)])

B; = (0.1212 exp(~0.01052E)) /(1 + exp[—.1378( E + 40.14)])
For all £:

ay = [0.32(E + 47.13)]/[1 - exp[—.1( £ + 47.13)]]

Bm = 0.08exp(—FE/11)

Slow inward current:
Iy = 0.094f(E — E;) (6)

E =7.7-23.0287In([Cal;)

aq = (.095 exp{—.01(E — 5)])/(L + exp[—.072( £ — 5)]}

B4 = (.07 exp[—.017(E + 44)])/(1 + exp[.05( E + 44)])

ay = (.012exp[~.008(E + 28)))/(1 + exp{.15( £ + 28)})

A5 = (.0065 exp[—.02( E + 30)])/(1 + exp[—.2( £ + 30}])
Calcium uptake: d([Ca);)/dt = —107*I; + 0.07(10~* — [Ca];):

Time dependent potassium current:

Ix = Gk XX,(E - Ex) (M

Gy = 0.282/[K],/5.4

For E > —100mV: X; = 2.837exp(.04(E + 77)) — 1]/[{ E + 77)exp[.04( E + 35)]]
For F < —-100mV: X; =1

ax = 1.02/(.083(F + 50))/(1 4+ exp(.057(E + 50}}})

Bx = .0013 exp(—0.06(E + 20))/(1 + exp(—0.04(F + 20}})

Time independent potassium current:

Ix1 = G K1o(E — Exa) (8)

Gr1 = 0.6047/[K],/5.4
ari = 1.02/(1 4 exp(.2385( F — Exq1 — 59.215)))
Br1 = (49exp(.24(E — Exy + 5.48)) + exp .062( E — Exy —594.3)))/(1 + exp(—.5143(E —



Ex1+4.75)))

Plateau potassium carrent:

Irp = 0.0183K,(E — Exp) (9)
Egp = Finy
K, =1/(14 exp((7.488 — E)/5.98))

Background current:

I, = 0.03921( E + 59.87) (10)

Total time independent potassium current:
Ieyery = Ik1 + Ikp + 1y (11)
IMPLEMENTATION OF THE LUO-RUDY MODEL

The basic equations for the point model were implemented on a Sun-4 computer in C.
The equations were solved numerically by one of several algorithms, including Euler, second
and fourth order Runge—Kutta, and a recently developed special algorithm for mildly stiff

differential equations, the Ashour-Hanna method [5].
Rest Potential

The rest potential across a membrane is based on the Nernst equation, which describes
the equilibrium potential due to ionic concentrations on each side of the membrane. This
equilibrium potential is also known as the reversal potential. In the Luo-Rudy model,
the extracellular potassium concentration {K'}, is a parameter of the model, which directly
affects the rest potential of the cell (E,.q).

For the Luo—Rudy model, initial values of gating variables have already been approx-

imated from experimental data. This eliminates initial contributions of all but the time
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Fi1cURrE 1. Current-voltage curves (I¢y(y)—E) for various [K], levels: 5.4mM, 10mM, 20mM.

Erest is the solution to Iy = 0.

(Klo | Eri| Erest
5.4 | -87.25 -84.2
7.0 -80.37 | -78.15
10. | -70.91 | -69.76

15. | -60.16 | -60.14

20 | -52.53 | -52.23

Table 1. Values of E.,.,; used as initial conditions for various levels of [K],.

independent potassium currents. Therefore, the rest potential can be approximated by
solving the equation Ix(r) = 0, where the total time independent potassium currents are
zero. Figure 1 shows the current voltage characteristics for [L'],. These curves were solved
numerically by Newton’s method to find F,.. for several values of [k],. For the normal

value of {K'], = 5.41mmM, FE,csy = —84.2mV. Table 1 lists F,.; solutions for various levels of
[K],.
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F1GURE 2. Sodium current (I, ) generated by the Luo-Rudy model after [ym = ~20uA,

2msec is applied, and action potential results.

Sodium ion channel

The fast inward sodium current is responsible for the fast depolarization of the cell mem-
brane. Since the reversal potential for sedium Ep, is much larger than the rest potential
of the cell (En, = 54.4mV), sodium ions have a very strong tendency to enter the cell, and
result in a fast inward current when the membrane becomes permeable to them, after the
potential threshold is exceeded (“gating” variable > 0).

By first implementing only the sodium ion channel and background ion channel (necessary
to balance currents), it was possible to check the accuracy of the implementation, as well
as the separate effect of the sodium channel on the action potential. Figure 2 shows the
time course of the fast inward sodium current [y, = —20uA, for 2msec. Figure 3 shows
the time course of an action potential resulting from only the effects of the sodium and
background or leakage currents. The maximum rate of depolarization resulting from this

inward current is Eer = 300E/sec.
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FIGURE 3. Action potential generated by the Luo-Rudy model by incorporating only the
sodium and background currents, after Iy, = —20uA, 2msec is applied, and action po-

tential results.

Potassium ion channel

The Luo-Rudy model divides the potassium current into three components, the time
dependent potassium current I, the time independent potassium current [gy, and the
plateau potassium current f,. By patch clamp experiments, Shibasaki [6] has hypothesized
that the [y channel is controlled by two gates, the time dependent X gate, and the time
independent X; gate. The Luo~-Rudy model follows these suggestion, which are important
in this work for the ability they provide for modifying the action potential duration and
restitution characteristics. These potassium currents act to lengthen the action potential
considerably by slowing repolarization process. Figure 4 shows the time course of the current
Iy during a full action potential. When only the sodium, potassium, and leakage currents
are summed in the model as I;, it is possible to see their separated effects on the action

potential, as shown in figure 5.
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Figure 4. Time dependent potassium current Ir during full action potential in the

Luo-Rudy model. Iy, = —20pA, duration 2msec.
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FIGURE 5. Action potential resulting from sodium Iy, potassium I, Ix1, fx,, and leakage

(background) currents I, only in the Luo—Rudy model.
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FI1GURE 6. One normal action potential generated by the Luo—Rudy model. Iy, = —20uA,

for 2.0msec

Normal action potential

Finally, by including the uptake of calcium ions into the cell [Ca]; and the so-called
slow inward current {really a combination of several inward currents), one can obtain the
complete action potential. As seen in figure 6, the calcium uptake accounts partly for the
action potential “notch” immediately following the upstroke peak, and the slow inward
current contributes to increasing the length of the action potential.

In specifying the action potential duration, the time difference between crossing the 10%
point of the full action potential height on depolarization and repolarization is used. For
the full action potential shown here, the action potential duration (APD) is measured to

be 387.4 msec.



50
30 i

10 ~ -

—-10 B <
E[mV] _30- \\ \
0] \\ N\
—70 \

—90 -
-100 0 100 200 300 400 500 600 700 80O

time [msec]
FiGURE 7. Two successive action potentials. fgim = 20pA for both (S and S3), DI =

35msec

VALIDATION OF THE MODEL
Repeatable excitations

Cardiac action potentials exhibit a variety of important complex behaviors which must
be reflected in the model for it to be useful and accurate. When repeated stimuli are
presented to the membrane the action potential duration decreases depending on the cycle
length or diastolic interval (DI), as described for the ¢4 modified FitzHugh-Nagumo model.
Specifically, as the diastolic interval, or time hetween repolarization of one action potential,
and the depolarization of the next one decreases, the action potential duration decreases.
This is known as the action potential duration restitution (APDR). APDR has been linked
to important phenomena including ventricular tachycardia/fibrillation {7, 8].

Figure 7 shows the time course of two action potentials (57 — 53). Isim for both action
potentials is -20pA with duration of 2.0 msec. Here the DI is 35msec or T = 415msec. The
first action potential duration APD; = 387msec, the second APD; = 284msec. Figure 8
shows the normal APDR curve produced by the Luo-Rudy model for stimulation period T
of 200-1500msec (DI= 0-300msec).

Recently researchers have explored the importance of the S5 — S3 or double premature

10
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FIGURE 8. Normal action potential duration restitution curve for APD, for the Luo—-Rudy

model.

stimuli coupling interval [9]. In this experiment, the §; — §; diastolic interval is held
constant, and the interval between the second and third action potentials is varied (S3 ~ §3).
Figure 9 shows the difference between these two APDR curves. Here, the §; — 55 interval
is held constant at 50msec, while the 53 — S5 interval is varied from 50-700msec.

In the Luo-Rudy model, variations in the parameter [K],, which has a pronounced effect
on the rest potential and action potential duration, should also have important effects on
repeated excitations, including supernormal excitability [10]. Figure 10 shows the APDR
curves for the actual values of APD and cycle time, for [K,] = 5.4, 7, 10mM. Figure 11

shows the same curves normalized for the original APD; values.

Strength-interval dependence

Related to the action potential duration restitution relationship is the strength-interval
dependence. These two characteristics of action potential are the result of different elements
of the cell’s recovery properties. In the strength interval dependence, a phenomena which
is known as rate-dependent block is characterized by the strength of applied stimuli, rather

than by resulting action potential duration, asin APDR. At different rates of stimulation, or

11
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FIGURE 9. Action potential duration restitution curves. a) The standard $; — 5, APDR
where the interval is varied from 50-700msec. b) 5; — §5 is held constant at 50msec, 53 — 53

is varied from 50-700msec — shown is the APDR for the third action potential,
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FiGuRrE 10. Comparison of APD restitution curves for normal ([K], = 5.4mM) and ischemic

{[K]), = 7,10mM). APD values and periods are absolute.

12



0.95
0.9

0.85

A5 08
0.75

0.7

0.65

06 ] i 1 1
0 05 i 1.5 2 2.5
DI/APD,

FIGURE 11. Comparison of APD restitution curves for normal ({K'}, = 5.4mM) and ischemic

([K], = 7,10mM). APD values and periods are normalized.

diastolic intervals, stimuli are applied until an action potential is produced. This establishes
the critical value of stimulus current (threshold) at that rate or diastolic interval. As the
stimulus is applied closer to the absolute refractory period of the action potential, the
stimulus threshold approaches infinity. Figure 12 graphs this relationship as exhibited by

simulation of the Luo—Rudy model. [, currents were applied for 2msec.

CONTROLLABILITY OF THE LUO-RUDY MODEL

Action potential duration

The model Luo—Rudy has been designed by carefully matching the results of numerous
patch clamp experiments to quantitative representations of ion channel kinetics represented
in the model. It is desirable to explore the effects of altered action potential duration, action
potential duration restitution, and membrane excitability, while having no or minimized

altering effects to the underlying ion channel kinetics.

13
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F1GURE 12, Strength-interval relationship in the Luo—Rudy model. [;,, applied for 2msec.

This section outlines a method and results for controlling these macro characteristics of
the Luo—Rudy model, so as to match experimental data from drug intoxicated prepara-
tions, and simulate action potential behavior. Eventually this method will allow higher
dimensional simulation of these effects.

The most obvious characteristic of action potential to control is the action potential
duration (maximum). It is important, however, to minimize the impact on underlying ion
channel kinetics and keep the exponential nature of the APDR curve unchanged.

To accomplish this goal, a variable parameter ¢,; was inserted into the equation 7 for time
dependent potassium current. This current is partly responsible for the repolarization phase
of the action potential, so it is a logical choice to modify. The membrane conductance to
potassium G is controlled by two gating variables, the time dependent activation X, and
the time independent inactivation gate X;. It is the inactivation that controls repolarization
of the membrane. By experimentation, it was found that the optimal new equation for X;
including the new parameter ¢, is for £ > —100mV:

2-8376[0'04(E+?7)]—1
‘= (E + 77)00UETE59] (12)

and X; =1 for F < ~100mV.

Figure 13 shows action potential duration results for ¢, values of 0-1, and a linear fit

14
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FIGuRE 13. Action potential duration in Luo-Rudy model as a function of the controllable
parameter ¢,;. Linear fit to simulation data gives the line shown APD = 181.55 + 198.8¢,;
with error R? = .997.

to the data. Experimental APD values can be matched to the modified Luo-Rudy model
using this linear equation for ¢;.

Figure 14 shows the APDR curves resulting for the same set of ¢,; values.

Action potential duration restitution

The characteristic of action potential duration restitution is a unique characteristic of
the action potential, as it is exhibited after the action potential has completed, and the
membrane is fully repolarized. The effect becomes apparent only upon the next action
potential. It seems logical that it must be governed by a activation characteristic that has
not fully recovered following the repolarization of the membrane, In the Luo—-Rudy model,
this is the time dependent potassium activation “gate” X. By using a logical expression
to modify this gating variable only after the action potential is complete, modification of
the APDR curve without altering any other aspects of the ion channel kinetic or action
potential is possible.

By inserting the new parameter v, into the expression for Ty, the time constant for X,

15
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FiGurEe 14. Action potential duration restitution curves for ¢.; = .1, .23, .5, .75, .85, 1.0.

and by altering this expression logically as a function of E, the needed effects on APDR are
obtained. For £ > 0.01F,,;,:
1

FYJ.’,‘(Q.’L' + ﬁx) (13)

™ =

For F < 0.01E,,;,:
i

(er + 8z)

Figure 15 shows the time course of the gating variable X using the above logical expression

(14)

TX =

for v, values of 1.0 and 3.0. Note the altered time course after the end of the normal action
potential. Figure 16 shows the family of curves representing APDR curves resulting from
vz values from 0.5 to 3.0.

In order to match experimental data to the model, first the exponential characteristic
of the data 3 must be estimated, as done for the ¢4 modified FitzZHugh-Nagumo model.
Figure 17 shows the relationship of # to the parameter v,, and a linear fit to the data
points: 4 = 0.00436+, + 1.44-10~* with error R? = 0.994. For data from earlier mentioned
canine control and Quinidine intoxicated experiments 3 = .0047 and .0055, respectively.

This corresponds to v, values of 1.045 and 1.228, for the modified Luo—Rudy model.

16
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FIGUurRE 16. Action potential duration restitution curves for v, = .5, .8, 1, 2, 3.
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Excitability

Excitability is a measure of a tissue’s responsiveness to stimuli. The lower the excitability,
the greater is the stimulus strength needed to cause an action potential. This is also
known as the action potential threshold of excitation. The excitability of real cardiac tissue
undergoes marked changes soon and late after a myocardial infarction. Other situations
may also alter the tissue excitability, including ischemia and drug infusion.

As mentioned earlier, the fast inward sodium current Ip, is responsible for the depolar-
ization of the tissue. Altering the character of the activation “gate” for the sodium channel
m is proposed for controlling the excitability of the tissue. The voltage offset value of 47.13
is replaced by the new parameter my in the equation for the activation gate opening rate

constant a,, as follows:
_ 0.32(E + myy)
fm = 77 Z01(E+men) (15)

Values for the voltage threshold of excitability were computed by applying graduated
Lstim currents for a given myp, until an action potential was generated, then measuring
the value of E,;, from the plateau peak of the latent period before the onset of the action

potential. Figure 18 graphs these results. m;, = 47.13 is the standard or control value.

18



REFERENCES

[1] C. Luo and Y. Rudy. A model of the ventricular cardiac action potential. Circ. Res.,
68:1501-1526, 1991.

[2] A.L. Hodgkin and A.F. Huxley. A quantitative description of membrane current and its

application to conduction and excitation in nerve. J. Physiol., 117:500, 1952,

[3] G.W. Beeler and H. Reuter. Reconstruction of the action potential of ventricular myocardial

fibers. J. Physiol., 268, 1977.

(4] L. Ebijara and E.A. Johnson. Fast sodium current in cardiac muscle: A quantitative

description. Biophys. J., 32:779-790, 1980.

f5] S.S. Ashour and O.T. Hanna. A new very simple explicit method for the integration of
mildly stiff ordinary differential equations. Computers chem. Engng, 14(3):267-272,
1990.

[6] T. Shibasaki. Conductance and kinetics of delayed rectifier potassium channels in nodal

cells of the rabbit heart. Journal of Physiology, 387:227-250, 1987.

[7] H.S. Karagueuzian, $.5. Khan, W.J. Mandel, and G.A. Diamond. Nonlinear dynamic anal-
ysis of temporarily heterogeneous action potential characteristics. PACE, December

1990.

[8] M.A. Allesie, F.I.M. Bonke, and F.J.G. Schopman. Circus movement in the rabbit atrial
muscle as a mechanism of tachycardia. ii. the role of nonuniform recovery of excitability

in the occurrence of unidirectional block, as studied with multiple microelectrodes.

Cire. Res., 39:168-177, 1976.

[9] Y. Kobayashi, W. Peters, §.S. Khan, W.J. Mandel, and Karagueuzian H.S. Cellular mech-
anisms of differential action potential duration restitution in canine ventricular muscle

cells during single versus double premature stimuli. Circulation, 86:955-967, 1992.

20



-25
-30 s

-35 \\\
Vin —40
[mV] 45 \
—50 \
—55
—60

T

~-20  —-10 0 10 20 30 40 50

myn

FIGURE 18. Action potential threshold in Luo-Rudy model as a function of the controllable

parameter myy.

CONCLUSION

The most recent and accurate model of cardiac action potential, the Luo-Rudy model, has
presented an opportunity to study new facets of action potential generation and propagation
in cardiac muscle cells. By carefully implementing and evaluating the effects of individual
gating variables and ion channel kinetic descriptions, it was possible to develop methods for
controlling characteristics of the action potential. Results were obtained which validated the
mathematical model for repeated stimuli experiments. Results of controllability experiments
showed that introduction of the new parameters ¢,;, 7., and m,,, provided a means for
independently controlling the action potential characteristics mentioned, while minimizing

impact on underlying ion channel kinetics.
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