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Abstract

Reentrant arrhythmias are common in the presence of myocardial infarct scars where regions of
normal tissue are interspersed with inexcitable ones. We hypothesize that variations in geometry of
the surviving myocyte pathways in areas of chronic infarction may cause unidirectional block and
reentry. To determine the role of pathway geometry a theoretical study and computer simulations
are performed. Two idealized geometric configurations are considered: propagation through narrow
paths with either parallel or tapered borders. Border tissue either allowed zero current flux or served
as a current sink. Using the relationship between stationary speed of wave front propagation and
its curvature, it is shown that unidirectional block can occur in narrow paths with parallel borders
and “zero flux” boundary conditions where the wave leaves the narrow path and emerges into an
open area of appropriate size. In narrow paths with parallel borders and border tissue serving as
a current sink, propagation is either “all” or “none”, and unidirectional block is impossible. The
wave blocked or propagated in both directions depending on its pathway width. Unidirectional block
can occur, however, when the narrow path has a tapered shape. Waves propagating from the wide
end of the pathway die out at the narrow end, while waves propagating in the opposite direction
are able to pass through. In computer simulations of a two dimensional grid of 128x128 membrane
segments using the modified FitzHugh-Nagumo equations, the arrangement of two or more pathways
in parallel permits reentry if at least one pathway has a configuration causing unidirectional block,
and the cells at the site of unidirectional block have sufficient time to recover from the previous
excitation. The latter is facilitated by anisotropic conduction properties tissue especially in cases
of “zero flux” border conditions. Thus, specific geometric configurations of narrow pathways exist

which allow reentry even when membrane properties and intercellular resistance are uniform.






INTRODUCTION

Reentry circuits causing ventricular tachycardia late after myocardial infarction often involve
strands of surviving ventricular myocyte bundles which form narrow paths for impulse propaga-
tion through areas of infarct scar (deBakker et.al.[1], Bolick et.al.[2], Fenoglio et.al.[3], deBakker
et.al.[4]). These strands vary in both width and length, and strands may branch or coalesce form-
ing complex patterns. Despite evidence of depressed conduction throughout the infarct scar, the
surviving myocytes often have normal action potentials (deBakker et.al.[1}, Spear et.al.[5], Gardner
et.al.[6], Denniss et.al.[7]), and increased intercellular resistance may promote unidirectional con-
duction block and slow propagation, which facilitate reentry (Dillon et.al.[8], Spear et.al.[5], Ursell
et.al.[9], Gardner et.al.[6]). The role of the myocyte bundle geometrical arrangement and dimen-
sions in slowing conduction and in unidirectional block is not clear. Studies of propagation between
blocks of atrial tissue connected by a narrow isthmus (de la Fuentes [10], Inoue and Zipes [11]) and
across Purkinje fiber-muscle junctions (Mendez [12]) have shown that unidirectional block tends to
occur where an excitation wavefront propagates from a narrow path of tissue to a larger mass of ex-
citable tissue. Impulse propagation over an isthmus of atrial tissue was inversely related to the cross
sectional area of the isthmus (Inoue and Zipes [11]). This behavior is consistent with “impedance
mismatch” such that the current generated from the narrow path is insufficient to bring a larger
mass of tissue to threshold.

The present investigation was undertaken to determine the relation of pathway geometry to wave-
front propagation. Studies of wave propagation through different excitable media have previously
shown that the conduction velocity is dependent on the curvature of the stationary propagating
wavefront (Zykov [13], Tyson [14]). The propagation velocity decreases as the absolute value of
negative wave front curvature increases. In addition, a critical value of wave front curvature and
a corresponding critical speed of propagation exist, beyond which propagation becomes impossible.
These general properties apply for any type of mathematical model or real excitable tissue, differing
only quantitatively for each specific model, and are valid for isotropic as well as for anisotropic
tissue. (see Kogan et.al.[15]} In this study, we apply the concept of wave front curvature in relation
to the geometry of narrow pathways for propagation and also investigate the effect of border tissue
properties. Effects of pathway shape, size relative to surrounding excitable tissue, electrical prop-
erties of border zones, action potential duration (APDY) restitution and anisotropy were considered

for theoretical study and computer simulations of a two dimensional sheet of excitable elements.



Idealized corridors of uniformly excitable normal tissue (isotropic and anisotropic) were considered
in these studies. The effect of pathway geometry on conduction velocity was shown to be related to
the accompanying effects on the curvature of the propagating wavefront, consistent with previous
studies of wave front propagation in excitable media (Zykov [13], Tyson [14]). Specific geometric
configurations cause unidirectional conduction failure, slow conduction velocity and produce reentry
in two dimensional sheets of excitable elements, even when the electrical properties of each element
are identical. For some cases these effects are more pronounced in the presence of anisotropic con-
duction (Wit[16]). This suggests that for certain geometric configurations of surviving muscle bundle
strands in chronic myocardial infarction alteration of active membrane properties or an increase in

intercellular resistance within the conduction pathways may not be required for reentry.
METHODS AND MATERIALS
Theoretical Studies

We assume that the dimensions of these narrow paths are considerably larger than those of the
cell. This allows us to limit the study to macroprocesses. The results of microprocesses are described
in Spach[17], and Rudy and Quan{18]. Propagation through excitable isthmuses were considered for
pathways of two basic configurations: 1. pathways with regular, parallel borders; ‘of various widths,
and 2. funnel shaped pathways.

The characteristics of the areas bordering surviving myocyte bundles in areas of a scar have not
been established. Therefore three possible situations were considered. First, the current between
the isthmus and border zone tissue may be zero as if the coupling resistance between these regions is
infinite, as may occur with connective tissue. We call this the “zero flux” border condition. Second,
the border zone may act as an abnormal current sink. This could occur if the border areas consisted
of an electrolyte solution, which decreases the coupling resistance between the isthmus and the border
tissue; or the border tissue contained surviving myocytes with markedly depressed excitability, or
which had markedly prolonged recovery times. Myocytes with the latter characteristics have been
observed to coexist in the same infarct as myocytes with relatively normal membrane characteristics
(deBakker[1], Gilmour{19], Spear[5], Myerburg{20]). The extent to which myocytes with depressed
excitability can serve as an current sink serves a basis for dividing border tissues into two groups: 1.
“moderate current sink”, or 2. in a “limit case”, border tissue which acts as a “large” current sink.

Propagation through normal ventricular tissue is anisotropic, due to greater intercellular resistance



wave front

F1G. 1. Wave front shape and the components of gradE.

in the transverse axis of myocytes as compared to the longitudinal axis. In infarct scars anisotropic
conduction is maintained and can be accentuated (Dillon(8]). Anisotropy is modeled by appropriately
altering resistance between excitable elements. The shape of the wave front can be defined as a
function a = f(s), where a is the angle of the tangent of the front of the wave at a point “s”
taken on the chosen equipotential £ = const. This angle is measured with respect to the Cartesian

coordinate x (see Fig. 1) and can be expressed in terms of the components of gradlE in the direction

BE s3E

of current flow, which is normal to the front of the wave at all points. Therefore tana = 32/%5/ .

We now apply these considerations to estimate the form of the wave front and its curvature inside
the narrow paths.

For the tissue with parallel borders of zero flux type, the component of gradE along the y axis
E /8y = 0 at all points on the border, and the angle of the tangent to the wave front at all points
of the border must be 7/2 . The wave front is rectilinear (see Fig. 2 a) with a curvature K = 0.

For the case when the borders of narrow paths serve as a large current sink, it is possible to
assume that the border cells are held at rest potential, so that the gradE component 9E/dz is
equal zero at all points of the border, and the angle a equals zero at that points. Inside the
narrow path this component of grad£ and the angle « increase until they reach maximum values:
gradE = (¢radFE}mar and a = /2 at the midpoint of wave front. It is therefore reasonable to
approximate the wave front inside a narrow path as a semi-circle with a radius equal to W/2 and a
curvature K = 2/W.

When the border tissue serves as a moderate current sink, the angle of the tangent at the border
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Fi1G. 2. Shapes of wave fronts inside narrow paths with border tissue of different properties. “W” -
channel width; “b” - point of intersection of border with wave front; “0” - mid point of wave front;
“” - point on wave front; R, Ry — radii of wave front; a;, a; — angles to tangent on wave front. a.
Rectilinear wave front inside a narrow path with b%)rder tissue of “zero flux” type, K = 0. b. Semieir-

cular wavefront inside a narrow path with "large current sink” border tissue, K = W/2. c. Wave front

inside narrow path with "moderate current sink™ border tissue, Ky = cosa/((W, /2)+(L—L;)tan 3).



points is determined by the ratio of the corresponding components of grad . Because the path is
narrow, we can approximate the wave front as a part of a circle with radius Ry = W/(2cos @) and

curvature K, = 1/ R,
2 1

2
Ky= —cosap = —————= 1
w W /1 + tan? oy M)

where:
JE JE
t = (=—W/(5 2
anas = (G2 (5 )
Similarly, for any point “i” in Fig. 2 except point “0” on the wave front the curvature is found to

be:

Ki= —cose; = 1 (3)
Wi Wi V14 tan?® a;
where:
oF OFE
tano; = (E)i/(gg)i (4)

Fig. 2 a,b,c. show all the geometric constructions which were used to derive these formulas. The
grad E components necessary to determine the angle o; at the chosen point on the wave front, can

be obtained during the computer simulation for a particular tissue model.
Computer Simulations

The theoretical considerations do not depend on the properties of a particular model; its results
have a generalized significance and show, as a rule, the qualitative characteristics of wave propa-
gation processes in the context of the assumptions. Computer simulations are used to obtain the
quantitative characteristics for the FitzHugh-Nagumo model, to verify that the assumptions of the
theoretical study are valid for this model, and to determine how the effects of geometry, border
tissue conditions, anisotropy, and APD restitution, promote or inhibit reentry. To allow for poten-
tial reentry, two parallel paths for propagation connecting the larger regions of excitable tissue are
simulated.

The basic model of 2-dimensional action potential propagation used in this study and its imple-
mentation on a massively paraliel computer system, the Connection Machine - 2 (CM) has been
previously described in Kogan et.al.[21]. The simulated rectangular tissue section consists of electri-
cally connected 128x128 membrane segments defined by the simplified ventricular membrane model
of the modified FitzHugh-Nagumo (F-N) equations, which includes the APD restitution properties
(Kogan et.al.[22]). As detailed in [22], the APD restitution properties can be varied by changing



the value of the ¢4 parameter from 0.5 {= £3), which corresponds to rapid decay of the residual
outward current or rapid APD restitution, to e4 < €2, which corresponds to slow decay of residual
outward current and therefore slow APD restitution. The parameters of the dimensionless F-N
equations used are: Gy = 0.7, G, = 30.0, G, = 1.0, &1 = 0.5, &5 = 0.02, e3 = 0.5, &4 = 0.018
(Kogan et.al[22]). Identical membrane properties were assigned to all segments unless otherwise
noted. The F-N equations were solved numerically by the modified method of lines (Petrov[23]).
Each CM processor solved the ordinary differential equation describing the dynamics of a single
membrane segment (grid point) by the Runge-Kutta-2 method. Continuous diffusion in the 2-D
model (Laplacian operator) was replaced by its finite difference approximation. The exchange of
data from adjacent grid points for this calculation is performed after 2 integration steps. Integra-
tion step size and grid spacing correspond to 0.025 time units and 0.6 space units. For membrane
capacitance C = 4pF/em? 1 time unit = 2 msec., 1 space unit = 0.04 cm. A total simulation time
(typical) of 2000 time units (4000 ms) required approximately 360 sec of real computation time.

Although the F-N model is an oversimplification of a real cardiac membrane segment, it has
several important advantages: 1. The modified F-N model allows incorporation of action potential
duration restitution properties. 2. The F-N model correctly reflects qualitative peculiarities of wave
propagation. 3. The simplicity of the F-N model allows simulations on large grids of membrane
segments. 4. Results from F-N simulations can be used to determine whether the theoretical
assumptions are valid for the FN model.

Implementation on the Connection Machine has several important benefits. Since the CM is a
massively parallel machine with SIMD architecture, its fast numerical solution allows interactive
simulations, where parameters, stimuli, and tissue configuration can be altered at any time during
a simulation. By instantaneously displaying the computed action potential and generalized outward
current (see Kogan et.al.[22]), the relationship of outward current to action potential duration resti-
tution, impulse propagation, and reentry can be visualized. Various colors in the graphics display
correspond to action potential £ and outward current I levels — here shown copied in black and
white - see Fig. 3.

Variations in pathway geometry and border conditions were explored and tested against theoretical
results. A region of “zero flux” border tissue were held at the same E level as neighboring pathway
cells. Regions of moderate current sink border tissue were simulated by a set of grid points with
G; < normal Gy. Gy is a parameter of the F-N model which determines the excitability of a

cell and correspondingly its threshold level. In our implementation, a standard G value of 0.7 was
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phases.

chosen for viable tissue, and values of 0.1-0.5 were assigned to abnormal current sink tissue. Uniform
anisotropic tissue was modeled by changing the diffusion coefficient ratio of z to y directions for all
simulated membrane segments. In anisotropic tissue, diffusion in the = direction was generally 2 to
10 times greater than in the y direction. The finite difference approximation was computed with
this ratio to simulate anisotropy. The initial stimulus was applied to a long rectangﬁlar region along
one border, 128x4 cells. These nodes were held at a super-threshold current level (I = 4.0) for 4

time units, then the wave front propagated across the simulation field.
RESULTS
Wave Propagation and Unidirectional Black

Narrow pathways with “zero flux” borders—

The geometric configurations modeled are shown schematically in Fig. 4. By changing the value
of the angle 3 from zero to 7/2, it is possible to create a continuous transition from a narrow path
with parallel borders to one with tapered borders with expanding openings. The limit when 3 = # /2
corresponds to the abrupt opening of the narrow path to the unrestricted right half-plane of the
excitable tissue. Theoretical studies and computer simulations show that with the FN model in

this type of channel with parallel borders, stationary waves propagate with a rectilinear front. The
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wave front velocity is unchanged regardless of the channel width. Since the propagated wave front
must be perpendicular to the borders at all points (see also the section Methods and Materials -
Theoretical Studics), the wave front at the points “a-a” of the expanding borders can be considered,

as a first approxination. to be an arc of a circle. The simple geometric drawing, shown on Fig. 4 a,

gives:
IR = W/(2sin 3) (3)
or:
K = 1/R=(2sin 8)/W (6)
Here:

I} - radius of wave front at the pathway opening;
W - width of the pathway with parallel borders:

4 - angle of border inclination:

K - curvature of the wave front at the points "a-a”

Fuuation (6) specifies a family of sinusoidal curves of amplitude A = 2/W and is correct for all
points "x-x" on the border of a tapered opening. [t is necessary only to substitute in eqn. {6) the

value of /2 by its value Wo_ /2 at the points “x-x" {see Fig. 4 a). Geometry of this figure gives:

W, /2= (W/2)+(L—-L;)tan 3 {7)
Here:
£ il leneth of tapered part of pathway
L, - distance ron: the wide end to points "x-x" of the tapered part
So. the enrvature A, will be:
: sin 3
KNy = £— : ) (%)
(W/2)+ (L - Ly)tan 3
The signs = and  — correspond to cancave and convex shapes of propagated wave fronts, respee-

Tively.
Ax discussed above, there exists a critical value of wave front curvature above which propagation

becores inpoxsible. e there is i propagation block. Physically this means that the excited cells
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F1G. 5. Critical angle 2 for block at exit from narrow pathways with “zero flux” borders for various

widths of pathways in isotropic and anisotropic tissue.

(sources) do not transmit enough electrical current to the neighboring non-excited cells (sinks) for
them to reach the excitation threshold value. This critical value depends on the type of the selected
membrane segment model and its parameter values. Let us assume that the value of K., is known.

Then from equation (6) we obtain:

K. = —;—/-sinﬂ ) E)]
and:
. KW
B = arcsin 5 (10)

Eqn. (7) and (8) give the relation of J., to W. Figure 5 shows the results of computer simulations
used to determine this dependency for the FN model with isotropic and anisotropic tissue. The
results for isotropic tissue differ somewhat from the predicted arcsin function due to the discrete
nature of the simulation model. For the same ., value, the minimum channel width which allows
propagation is smaller for anisotropic tissue (see Fig. 5). Figure 6 shows the same phenomena for a
wide range of anisotropy ratios. This phenomenon can be explained by the decreased current con-
sumption of neighboring segments of cells, located in the transverse direction when tissue anisotropy
is increased.

The direct measurement of critical wave curvature is very difficult in physiological experiments.
Computer simulations to determine the critical curvature require a comparatively large amount of

calculations which grows with the complexity of the model. Eqn. (6) permits us to measure the

10
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FIG. 6. Relationship of critical width (3 is held constant at 90 deg) to anisotropy ratio, when prop-

agation block in narrow paths with “zero flux” borders occurs.

width of the narrow pathway instead of the wave front curvature in order to obtain the critical value
of wave front curvature. Indeed, for 3 = 7/2, K = 2/W. By changing the width of the narrow
pathway during computer simulation, one can find the W = W, at which propagation through the
opening becomes impossible.

The values for R, obtained by Zykov[13] for the FN model, using an approxii;late formula and
repeated solution of the original equation (K., = ~0.79), and that using our approach (K., = —0.83)
are in close agreement.

Let us consider the configuration shown on Fig.4 a, where W is chosen so that W = W.. and
3 = n/2 (left entrance to the narrow path). When the wave propagates from left to right, its
curvature remains equal to zero throughout the narrow path until it reaches the flared opening. Here
the wavefront curvature abruptly changes from K = 0 to K = K, sin 3, and the wave propagates
out of the narrow path without block. When the excitation wave is initiated from the right side of
Fig. 4 b, it takes on a concave form in the tapered pathway, and where the borders of the narrow
path become parallel, the curvature changes from a positive value to zero. At the left opening
with 8 = 7/2, the curvature abruptly changes from K = 0 to K = K., and block of propagation
occurs. When both ends of the narrow channel have an opening with § = 7/2, wave fronts can
enter the narrow path from either direction, but block at the opposite end of the path. Thus,
only bidirectional block or propagation will occur, depending on the width of the channel. When

the pathway is tapered over its entire length, the wave propagating from the wider end toward

11



the narrow end changes its curvature inside the channel from some positive value (see eqn (8)) to
K = —W/2 at the narrow end. When -W/2 = K., conduction block occurs. When the wave
propagates in the opposite direction, the curvature of the wave front never exceeds the critical value.
Hence unidirectional block is possible solely due to the spatial configuration of the pathway.

When the excitable tissue in Fig. 4 has anisotropic properties such that the resistance between
elements is lower in the direction parallel to the long axis of the narrow pathway (D./Dy > 1),
and hence conduction is more rapid in this direction, the creation of a unidirectional block is more
difficult than with isotropic conduction. The component of the gradient (GE/8y) in anisotropic
tissue is smaller than for isotropic tissue and, the wave front curvature is smaller when it exits a

narrow pathway.

Narrow pathways with “current sink” borders—

[t was shown earlier that the front of the wave inside a narrow path with “large current sink”
type parallel borders can be estimated as a semicircle of radius R = W/2 and curvature K = 2/W.
If the width (W) of the narrow path is greater than the critical width (W,,), propagation can occur
in either direction. If W < W,., waves from either direction die out inside the channel. Therefore,
in uniform narrow pathways with large sink type parallel border tissue, unidirectional block does
not occur.

Unidirectional block can occur, however, when the narrow path has the proper tapered shape.
Waves propagated from the wide end of the tapered channel die out at the narrow end while waves
propagated in the opposite direction are able to pass through. 1

In order to explain this phenomenon, let us consider the geometry of the wave front inside the
tapered channel at points "i-i” and at the narrow end (Fig. 7 a). When the borders tissue has the
property of a large sink, the vector gradE is everywhere perpendicular to the border lines at all of
its points. The border lines serve in this case as a tangent to the wave front. Assuming as before,
that the wave front inside the narrow tapered channel can be approximated by part of the circle, we

obtain the expression for wave front curvature:

1

K= W v =L tan g

cos 3 (11)

At the narrow exit from the path L = L;, and we obtain:

tThis phenomenon was observed in the course of computer simulation by A. Pang and B. Billett see Pang[24].

12



Fi1G. 7. Geometry for the determination of the curvature of wave fronts inside the tapered pathways.

a) With borders of “large current sink” tissue. b) With borders of: “moderate current sink” tissue.

2
K, = W—cosﬂ {12)

n

Observe that K, > K;. So, the site at which conduction block is most likely to occur is the
narrow end of the tapered channel. If we neglect the transient processes of wave front curvature
establishment associated with abrupt changes in pathway geometry, we can assert that the curvatures
of the wave fronts crossing the narrow end in either direction are the same. Any directional differences
are then due to differences in the length of the wave front arc relative to the size of the tissue into
which the propagated wave must penetrate. The concept of source and sink leads to the conclusion
that the wave propagated from the wide end to the narrow end of the tapered channel is more likely
to be blocked than the wave propagated in the opposite direction,

The same reasoning can be applied to the case of border tissue serving as a moderate current
sink. Unidirectional block is possible only in a tapered pathway of properly chosen geometry. The
expression for the curvature at any border points “i” inside the channel (Fig. 7 b) can be obtained

by replacing cos # in eqn. (9) by cos a:

K: = 1 cosa = ! = (13)
WL/ + (L - Li)tan 3 o= (Wa/2) + (L = Li)tan 8 /1 + tan?a;
where:
OF dF
tan oy = (E)i/(%)i (14)

At the narrow end L = L; and curvature K = Ki:

2 .
K, = W—cosa {15)

n

13
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FiG. 8. Relationship of critical width, W,,, for propagation block to the excitability (Gy) of the
narrow pathway borders. As Gy increases, the border tissue current consumption decreases. Pathway

borders are parallel.

Note that the waves propagated in both directions have the same curvature. As in the previous
case, the wave front propagated toward the wide end has a larger arc and enters a smaller area of
tissue than waves propagated in the opposite direction. In this case, unidirectional block can occur
when the wave propagates from the wide end toward the narrow end of a taperec-lk pathway.

[t follows that geometric asymmetry is necessary for unidirectional block in narrow pathways when
membrane properties are the same for either direction.

As in “zero flux” channels, certain pathways with borders serving as moderate current sinks will
cause propagation block when exiting to a larger area of viable tissue. Fig. 8 shows computer
simulation results for the determination of the critical width W,, for various levels of current sink
(Gy) for the pathway borders.

Computer simulations using the FN model reveal that for “current sink” bordered channels, it is
possible to find combinations of the model parameters and tapered pathway geometric characteristics
(Gy, 8, and W,,) for which unidirectional block occurs. In Fig. 9, the simulation results for Gy = 0.4
are shown. Regions (parameter combinations) of bidirectional propagation, unidirectional block,
and bidirectional block are labeled. The unidirectional block region’s width increases with 3, since
for very small angles the wave has difficulty propagating into the channel. If the angle 3 is too large,
however, waves can propagate through the channel in both directions. As the current sink increases

(smaller G ), the larger W, becomes.

14
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F1G. 9. The dependence of the critical width W,, = W,,, at the narrow end of the channel, for
propagation block on the taper angle 3, and the excitability of the border tissue, for Gy = 0.4.
Regions of bidirectional propagation are labeled “a”, unidirectional block “b”, and bidirectional

block “c”.

Computer simulations confirm that in these channels, as opposed to “zero flux” channels, a sta-
tionary, rectilinear wave that enters a channel has a curvilinear wave front in the channel. Fig. 10
shows computer simulation data that demonstrate that propagation velocity decréases with decreas-
ing channel width, Data for isotropic and uniformly anisotropic (Dy/D; = 1/6) tissue show that
for pathways of equal width, wave propagation is slower in the isotropic tissue (Fig. 10}. Tissue
anisotropy also decreases the critical width of the narrow path, which allows unidirectional block.
This effect of anisotropy can be explained by the decrease of current consumption in the transversal
direction at the moment when the wave exits from the narrow path into the open space of survival
tissue. In comparison with the case of isotropic tissue, this leads to a decrease of the wave front
curvature outside the narrow pathway.

The dependence of the wave front propagation velocity on its curvature is an important charac-
teristic of excitable tissue, which cannot be determined by direct experiments. Therefore, we used
the method discussed in detail in the section entitled Methods and Matertals - Theoretical Study see
eqns. (1),(2). Eqn. (1), and (2) express the dependence of the curvature K on channel width W
and gradient E component ratio. The components of the gradient E at the intersection of the wave
front and channel border are found in the course of computer simulation by calculating the finite

difference approximation of the partial derivatives. Fig. 11 shows the results of estimating the cur-

15
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FIG. 10. The relationship of wave front velocity (#) inside narrow paths with “large current sink”
(G; = 0.1) borders to the width of the channel (measured from computer simulation) is shown for

both isotropic and anisotropic (Dy /D, = 1/6) tissue.

vature for the same channel widths and anisotropy ratios as in Fig. 10. As expected, the curvature
decreases as the channel width is enlarged. The true critical curvature (K., — maximum possible
curvature) is close to the maximum K value shown in this figure. Therefore K., for anisotropic
tissue is much greater than for isotropic tissue. Finally, by combining data from F1g 10 and Fig. 11
and eliminating the parameter W, we obtained the relationship between wave front velocity and
curvature (see Fig. 12). The relationship for isotropic tissue in Fig. 12 is in good agreement with

data obtained for a FN model with standard parameters[25].

Reentry

The addition of another pathway, in parailel, with a width that provides K < K., makes reentry
possible. Initiation of reentry requires unidirectional block in the narrow path and sufficient time
for this area to recover such that the returning wave front can propagate through the initial site
of block. When action potential duration restitution is incorporated in the computer simulations,
the recovery time becomes substantial, promoting occurrence of bidirectional block rather than
unidirectional block. Delay in arrival of the returning wave front sufficient to allow reentry is
promoted by anisotropy and by increasing the distance between the pathways. Indeed, Cardinal

et.al. [26] have shown that the speed of propagation in the longitudinal fiber direction is 8 to 10
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times greater than in the transverse direction. Therefore, when wave propagation from one pathway
to the next proceeds transverse to the long axis of the fibers, an additional time delay is introduced.
This occurs when the longitudinal axis of the path and the excitable tissue inside the narrow path

coincide. The latter has been observed in animal models (Janse and Wit[27]).

Narrow pathways with “zero flux” borders—

The potential reentry circuit considered consists of a single channel providing unidirectional block
separated by “zero flux” tissue from a parallel wide channel. Three major cases are considered by
computer simulation: 1. all viable tissue is homogeneous, isotropic, and with short time to APD
restitution, 2. the same isotropic tissue but with longer time to APD restitution, and finally 3.
all tissue is anisotropic with long time for APD restitution. In this way, the effect of anisotropy
and APD restitution can be observed separately and jointly. Fig. 13 shows the sequence of action
potential (left vertical column of pictures) and outward current (right vertical column) propagation
for the first case after application a rectilinear excitation along the right side of the grid. In the
absence of long APD restitution, reentry circuits of any size are easily produced.

In the second case (Fig. 14), longer APD restitution is added the conditions of the first case. Here
it can be seen that the presence of residual outward current (which determines the APD restitution
properties) prevents the reentrant wave from penetrating the narrow channel at the initial site
of block and completing the reentry circuit. Thus the additional delay in restitution results in
bidirectional block at the narrow end of the pathway.

In the final case with “zero flux” tissue bordered pathways, anisotropy (anisotropy ratio D./D, =
6/1) is added to the conditions of the previous case. Anisotropy (Fig. 15), facilitates reentry by
introducing an additional time delay for the reentrant wave to propagate in the “y” direction,
allowing more time for recovery at the initial site of block. The speed of stationary wave propagation
in the “y” direction is /6 times smaller than in the “x” direction. Thus, the anisotropy of the tissue
facilitates reentry in the presence of narrow paths with “zero flux” borders and unidirectional block,

while long time APD restitution has the opposite effect.

Narrow pathways with “large current sink” bhorders—
The presence of border tissue which serves as a current sink can potentially facilitate reentry
by slowing conduction or inhibit reentry by promoting bidirectional block, especially when APD

restitution is prolonged. The simplest case, where the tissue is isotropic and with short time for
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16, 13, Time series of reentry in homogeneous, isotropic tissue with short APD restitution properties

and border tissue of the “zero Hux™ type. t1 — excitation begins on right edge, 12 - wave enters
narrow parallel and tapered paths. t3 - continnation, t4 - excitation in tapered channel dies (block).
15 wave reenters initial site of block. 16 — wave is unblocked as it leaves tapered path, t7 — wave

reenters parallel channel
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tl = 10 time units

t4 = 131

16, 11, Timne series of teentry in homogeneous, isotropic tissue with long APD restitution properties
aud border tissue of 1he “zero flux™ type. t1 - initial excitation enters from right edge, t2 — wave
enters pathways. 13 tapered channel blocks propagation, wide channel is unblocking, t4 - residual

current in tapered path blocks reentering wave at initial site of block.
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Frei, 15, Thue series of reentry in uniform anisotropic tissue with long APD restitution properties
(4 = 0.022) and border tissue of the “zero flux™ type. t1 — initial excitation enters from right edge.
12 wave enters pathways. 13 - tapered channel blocks propagation, wide channel is unblocking,
14 residual current in tapered path is too small to biock reentering wave, t5 — reentry excitation

continnes through tapered path, t6 - wave reenters parallel wide channel
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APD restitution, demonstrates that reentry can even occur with closely spaced channels (see Fig. 16).

When longer APD restitution properties are introduced into the tissue model, reentry is prevented
by the residual outward current from the previous excitation of the tissue even when the spacing
between the channels is increased (see Fig. 17). In this simulation anisotropy did not provide
sufficient delay to avoid the effect of residual current at the initial site of block. A greater separation
between paths or slowing of conduction would be required to allow reentry. Tissue anisotropy
also decreases the gradE component in the direction transverse to the fiber and increases it in the
longitudinal direction. This increases the curvature of the wave front in the longitudinal direction,
making it more difficult for the reentering wave to penetrate the narrow end of tapered channel.
Therefore, for the case of narrow paths with “large current sink™ border tissue, tissue anisotropy

under certain conditions facilitates hidirectional block and can impede reentry.

DISCUSSION

Reentrant arrhythmias are promoted by slow conduction and unidirectional conduction block. In
myocardial scars which give rise to reentrant arrhythmias the alterations in active and passive mem-
brane properties appear to contribute to both conditions (deBakker et.al.[t], Dillon et.al.[8], Ursell
et.al.[9], Spear et.al.{5]). Our analysis suggests, however, that the geometry of the surviving my-
ocyte bands and the properties of the border tissue could also be important determinants of reentry,
causing unidirectional block and slowing conduction regardless of alterations in active membrane
properties or intercellular resistance within the bundles, Furthermore, the tissue anisotropy and
APD restitution properties significantly influence propagation through narrow pathways, modifying
the effects of geometry and potentially facilitating or inhibiting the formation of unidirectional block
and reentry. Geometrical considerations may also explain the conduction properties of accessory atri-
oventricular pathways, consisting of narrow strands of myocytes coursing from atrium to ventricle
across the atrioventricular sulcus. Conduction properties of these pathways are often markedly dif-
ferent in the atrioventricular compared to the ventriculoatrial directions and some pathways do not
allow propagation at all in one direction yet allow rapid propagation of impulses in the opposite
direction. Qur findings support the notion of impedance mismatch (de la Fuenta et.al.[10], Inoue
and Zipes[11]) as a cause of these discrepancies and suggest geometric configurations of conduction

pathways which facilitate reentry.
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13 =4

16, 16, Time series of reentry induced in tissue with narrow paths bordered by “large current sink™

lisate, Viable tissue is homogeneous, isotropic, and with short APD restitution properties. Gy of

border tissue = 0.1, path length = 30[space units}, 3 = 20deg, distance between center of paths

— 28 5fspace units]. t1 - initial excitation enters from left edge, t2 — wave enters pathways, t3 -
1 B I ¥

tapered channel blocks propagation. wide channel is unblocking, t4 - tapered path does not block
9

_— .23 : .
reentering wave, 15 - reentry excitation continues through tapered path, t6 - continuation



tl = 12 (time unirs)

Fici. 17, Time seriex of failed reentry in tissue with narrow paths bordered with “large current sink™
tissne. Viable tissue is homogeneous. isotropic. and has iong APD restitution properties (g4 = 0.022).
For border tissue ¢/ = 0.1, path length = 30{space units], § = 20deg, distance between center of

paths = 52 11 - initial excitation enters from left edge, 12 — wave enters pathways.

3 tapered channel blocks propagation. t4 - residual current blocks propagation at initial site of

24
block. t5 - continuation



In this paper, theoretical analysis of wave propagation in excitable media is combined with com-
puter simulations. Wave propagation through two idealized types of two dimensional narrow channels
is considered. It is assumed that the border tissue can be either “zero flux”, which does not serve
as a current sink, or which serves as a current sink to a variable degree. The border conditions for
narrow paths in infarct scars are not known. Histologic and microelectrode studies of infarct scars
have shown that electrically “inert” collagen, as well as myocytes with depressed excitability and/or
markedly prolonged recovery times, which could serve as an abnormal current sink, coexist with
relatively normal myocytes. We also considered the influence of anisotropy of the tissue inside these
narrow channels.

The theoretical results are not dependent on the type of tissue mathematical model used. These
results were obtained by the combined application of the previously obtained relationship of wave
front velocity (8) to curvature (K) and the estimation of wave front grad £ components. Computer
simulation results were obtained for the modified FitzHugh-Nagumo model [22], which permitted us
to study the effect of action potential duration restitution.

The theoretical study provides the following principal results:

i. We developed an approach for estimating the wave front curvature inside narrow pathways
using the geometry of the channel and the components of the grad E of the wave front. These
components can be obtained during computer simulations. This approach‘_can be used for
different types of mathematical models, for tissue cultures and pieces of real tissue. The
similarity of the results obtained using real tissue and the mathematical model can serve as

an indication of the fidelity of this model in reproducing the propagation properties.

9. Inside “zero flux” bordered pathways with finite length and openings at both ends, waves
propagate with a rectilinear front only when the pathway borders are parallel. The wave
front and its curvature change when passing the opening in either direction. If the pathway
configuration is such that the wave front curvature reaches the critical value, conduction block

oCCurs.

3. When the parallel borders serve as an abnormal current sink, the wave propagates or is blocked
in both directions as determined by the channel width. Unidirectional block occurs only for
narrow tapered paths. Under certain conditions, impulses entering from the narrow end of the

tapered channel propagate, while impulses entering from the wide end die out.

4. Regardless of the properties of the narrow pathwéxys border, the necessary condition for unidi-
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rectional block is the asymmetry of pathway geometry for the waves propagated in the opposite

directions.

Computer simulations show that these results are valid for the modified FN model. Simulations
also illuminate the effects of tissue anisotropy and APD restitution on wave propagation in narrow

paths, and on the appearance of reentry:

1. Reentry is possible for either border condition when a pathway with unidirectional block exists

in parallel with at least one non-blocking channel.

2. APD restitution tends to inhibit reentry. For reentry to occur, an increased time delay for

wave propagation in the reentry loop is required.

3. For narrow paths with zero flux border tissue, tissue anisotropy greatly facilitates the de-
velopment of reentry (introduces natural delay) and at the same time expands the range of
path width (in the direction of smalier width) for which unidirectional block and reentry are

possible.

4. For narrow paths bordered by tissue serving as an abnormal current sink, tissue anisotropy
can facilitate unidirectional block by increasing the time to arrival of the excitation wavefront
at the initial site of block, or it can inhibit formation of unidirectional block by promoting

conduction out from the narrow path.

The presented results are limited to idealized smooth two-dimensional narrow pathways with uni-
form anisotropy of excitable tissue. Moreover the F-N model is an oversimplification of membrane
processes. Therefore, the computer simulation results have only a qualitative character. The the-
oretical results, which are not dependent on the limitations of a particular mathematical model,
provide a means to also obtain quantitative results for some specific conditions, such as “zero flux”
borders.

The study of wave propagation through nonidealized 3-dimensional bundles of excitable tissue,
using more sophisticated membrane models is currently a formidable problem, not only for theoret-
ical investigations, but also for computer simulations using the most powerful modern computers.
This difficulty explains why researchers have used simplified models to investigate 3-dimensional
wave propagation. For example, the computer simulation study of solitary wave propagation in
3-dimensional strands of heart muscle placed in a cylindrical saline bath was performed by Roth[28].

[n that work the attention was restricted to the depolarization phase of the action potential, the
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primary determinant of the speed of wave propagation. For the study of unidirectional block and
reentry the repolarization phase and APD restitution are of great importance, too. Most other pub-
lications on 3-dimensional computer simulations are devoted to the study of spiral wave propagation
in free 3-dimensional excitable media (see for example Winfree [29]). Another approach is to limit
the computer investigation to a one dimensional model with a complex configuration using a more
sophisticated membrane model[30]. In this investigation, geometric effects on unidirectional block

and reentry could not be studied.

CONCLUSION

We found that in simulations of cardiac tissue having uniform membrane properties and inter-
cellular resistance, the geometry and border conditions of narrow pathways have several important

effects on impulse propagation:

1. Pathway geometry alone can lead to unidirectional block and slow conduction velocity. The
necessary condition for occurrence of unidirectional block is the asymmetry of narrow pathways

for waves propagated in the opposite directions.

[}

Border conditions markedly alter the effects of pathway geometry.
3. Reentry can occur entirely due to the effects of pathway geometry and border conditions.

4. The concept of wave front curvature used in the present theoretical study allows us to obtain
quantitative relationships between the wave front curvature inside narrow pathways, and the

geometry of the pathways with the borders of "zero flux” type.
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