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1 Introduction

A Horn formula 1s a propositional formula in a conjunctive normal form
Dy A ... AD, , where each D; is a disjunctions of literals (propositional
letters or negations of propositional letters), and each D; contains at most
one positive literal. A Horn clause is a disjunction of literals with at most
one positive literal.

In this report we will show that the following problems are NP-Complete

Maximum Horn Set Satisfiability.

Instance: Set U of variables, a set S of Horn clauses over U, positive
integer i’ < |S|.

Question: Is there a truth assignment for U that simultaneously sat-
isfies at least ' of the clausesin § 7

Maximum 2-Horn Satisfiability.



Instance: Set U of variables. a collection C of Horn clauses over [J
such that each clause ¢ € C has |¢| < 2, positive integer I < |C.

Question: Is there a truth assignment for U that simultaneously sat-
1sfies at least A of the clanses in C 7

Horn Clauses Optimization.

Instance: Set U of variables, a set S of Horn clauses over U, such
that each clause ¢ € § has [c] < 2, a set of positive integers
P, a function f : § — P and a positive integer K such that
K < Yes fle).

Question: Is there a truth assignment for U that simultaneously sat-
isfies a set §' C S of clauses such that ¥ g flc) > K ?

Constrained Horn Clauses Optimization.

Instance: Set U of variables, a set § of Horn clauses over U, such
that each clause ¢ € S has |¢| < 2, two clauses ¢} and ¢} such that
l¢fl < 2 for 7 € {1.2} . a set of positive integers P, a function
f 18 — P and a positive integer K such that K < ¥ 5 f(c).

Question: Is there a truth assignment for U that simultaneously satis-

fies ¢ and ¢; and a set S C S of clauses such that ¥ .cq f(c) > K
o

The proofs of the NP-Completeness of Mazimum Horn Set Satisfiabil-
ity and Mazimum 2-Horn Satisfiability are done by reducing 3-Satisfiability
to them (see [GJ79] for definition of $-satisfiability) and are variations of
the proof given by Garey et al. for the NP-Completeness of Mazimum 2-
Satisfiability (see [GIST6] ). We reduce Mazimum 2-Horn Satisfiability to
Horn Clauses Optimization to show that the latter is NP-Complete, and
NP-Completeness of Constrained Horn Clauses Optimization is proved by
reducing Horn Clauses Optimization to it.

We would like to point out that there are linear algorithms to test the
satisfiability of a set of Horn Clauses. i.e. , to test whether there is a truth
assignment to the set of variables that appear in the clauses that simultane-
ously satisfies all the clauses in the set (see [DG84]). In light of this result,
it is easy to realize that all the above problems are in NP.



2 Proofs

Theorem 1 Maximum Horn Set Satisfiability s NP-Complete.

Proof: We have seen that Mazimum Horn Set Satisfiability is in NP. We
will show that there is a polynomial transformation from 3-Satisfiability to
this problem. and hence, that it is NP-Complete.

Suppose we are given a formula o in 3-CNF i.e., a is a conjunction of
disjunctive clauses, each having at most 3 literals, We label the collection of
all those clauses C. Without loss of generality, We assume that each ¢; in C
is in one of the following forms (where P, @ and R are propositional letters):

form0: PVQV R
form1: -PVQVR
form2: -PVv-QVR
form 3 : HPV;-QVﬂR

We will define R, - the set of Horn clauses that 'represents’ a clause
¢ € C as follows:

o If ¢; is of form 0 or form 1, then

10
R, = (U{Gish U { (pV =Gi1) (QV =Gin), (RV =Gi3), (D:i V ~Giy),
J=1

(PV-QV=Gis5),(pV-RV-Gig),(~RV=Q V =G;7),
(pV =D;V—Gig), (QV-DiVAGig),(RV-D; V=Gl

where if ¢; 1s of form 0 then p = P and p = =P and if ¢; is of form 1
then p = =P and p = P. All the variables in {D,}U(U;2,{G:;}) are
assumed to be new and disjoint.

The reader can verify that if a truth assignment M satisfies ¢; then
there is a truth assignment A’ that satisfies exactly 17 clauses in R,
such that M({a) = M’'(a) for all « € {P,Q, R}. Moreover, there is no
truth assignment that satisfies more than 17 clauses in R, ., and if a
truth assignient does not satisfy ¢;, then it satisfies at most 16 clauses

in R,,.



e If ¢; is of form 2 or 3, then

R, = {G}|J{-PVv-QvVrv-G}

Where r = Rif ¢; is of form 2 and r = =R if ¢; is of form 3, and G, is
a new variable.

The reader can verify that if a truth assignment A satisfies ¢; then
there is a truth assignment A’ that satisfies exactly 2 clauses in R.,
such that M(a) = M'(a) for all « € {P,Q, R}. Moreover, there is no
truth assignment that satisfies more than 2 clauses in R,, , and if a
truth assignment does uot satisfy ¢;, then it satisfies at most 1 clauses

in R,
Note that for each ¢ # j, R, N R.; = 0.

Let ! be the number of clauses in C of form 0 or 1, and let m be the
number of clauses in C of form 2 or 3. We claim that « 1s satisfiable iff there
1s a truth assignment that satisfies at least & = 171 + 2m clauses in the set
S = Uy ec Re;. For if a is satisfiable, then there is a truth assignment that
satisfies all the clauses in C, and so there must exist a truth assignment that
satisfies at least %k clauses from S and if there is a truth assignment that
satisfies at least & clauses from § , then this truth assignment must satisfy
every clause in C. O

Theorem 2 Maximum 2-Horn Satisfiability is NP-Complete.

Proof: We have shown that Mazimum 2-Horn Satisfiability is in NP. We
will show that there is a polynomial transformation from 3-Satisfiability to
this problem and hence it is NP-Complete. We will use the notations and
definitions of the previous proof without repeating them.

Suppose we are given a formula o in 3-CNF - i.e. - a is a conjunction of
disjunctive clauses, each having at most 3 literals. We lahel the collection of
all those clanses C. Without loss of generality, We assume that each ¢; is of
form 0,1,2 or 3.

We will define R, - the collection of Horn clauses that ’represents’ a
clause ¢; € C as follows:

e If c; is of form 0 or 1. then



Rc; = {(P), (Q)! (R)» (Di)~
(PV-Q).(FV -R),(-QV -R),
(pV D) (QV-D;),(RV-D;)}

where if ¢; is of form 0 then p = P and P = —~P and if ¢; is of form 1 then
p = =P and p = P. The same collection of clauses appears in Garry

et al. proof for the NP-Completeness of Mazimum 2-Satisfiability (see
(GJS76]).

o If ¢; is of form 2, tlen

Rc,‘ = {(R)(Ga)~(D:)-
("RV P),(~RV Q),(-PV -Q),
(RV =D;), (=P V=D;), (-Q VvV -D,))}

o If ¢; is of form 3, then

RC{ = {(P),(Q),(R),(D,),
(_‘R A _’P)a(_'R v ._'Q)’(_"P v _'Q)s
(R V=D;),(~PV =D;),(-Q V ~D;)}

The reader can verify that no matter what is the form of ¢;, if a truth
assignment M satisfies ¢; then there is a truth assignment M’ that satisfies
exactly 7 clauses in R, such that M(a) = AM'(a) for all « € {P,Q,R}.
Moreover, there is no truth assignment that satisfies more than 7 clauses in
B, . and if a truth assignment does uot satisfy ¢;, then it satisfies at most 6
clauses in R,,.

a is satisfiable iff there is a truth assignment that satisfies at least k = 7|C|
clauses in the collection H = J, ¢ R.,. Note that for each G €H, | gl<2
a

Theorem 3 Horn Clauses Optimization is NP-.Complete.



Proof: We have seen that the problem is in NP. We will show that there
is a polynomial transformation from Mazimum 2-Horn Satisfiability to this
problem. Suppose we are given a collection C of horn clauses of size < 2,
and an integer I, and we want to know if there is a truth assignment that
satisfles at least /" clauses fromi this collection . For each ci € C, let #¢;
denote the number of times ¢; appears 1n C, and let S be the set of clauses
that appear in C. Let Maz be maxqec{#c:}, and Let P = {1,..., Maz}.
We will define f(¢;) = #e,.

There is a truth assignment that satisfies at least I clauses from C iff
there is a truth assignment that simultaneously satisfies a set $' C S such

that 3. ¢ f(e;) > K. O
Theorem 4 Constrained Horn Clauses Optimization s NP-Complete.

Proof: As mentioned before, this problem is in NP. We will show that if
there is a polynomial algorithm A to solve this problem, then there must be
a polynomial algorithm A’ to solve Horn Clause Optimization.

Suppose we are given a Horn Clauses Optimization problem . To find
if there is a truth assignment that simultaneously satisfies a set §' C §
s.it. 3ees, fle) 2 K, We will first check if there is one clause ¢ in § with
f(e) =2 K. If we find one . we are done. If there is not such a clause,
We will continue by running 4 |S| * (|| ~ 1) times, each time selecting a
different set of 2 clauses from $ as ¢, and c; , and testing whether there is
an assignment that satisfies ¢| and ¢, and a set $” C S — {¢},c;} such that

Leesn fe) 2 K — (f(c}) + f(e)). O
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