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Algorithmic Reconstruction of Trecs
Michael Tarsi and Judea Pearl

ABSTRACT

Wegiveana]goﬂthmtoreoonsu'uctatreeoutoflocalrelaﬁomhiplamongits
leaves. Forréotedtreuthcfolluwing information is available: On any three leaves u, v
andwiemtutwhethcrthedeeputoommonmmrofuandvisorisnotmmc
path from the root to w. For unrooted trees we perform tests on groups of four lcaves
andidcnﬁfywhichpainareconnectedbydisjointpaths. In both cases we show that a
mwithnleavumdbmmdedmnﬁmaldcgreemnbermsmdming«nm)u;m.
If the degree is not bounded it takes 0(x°) tests.






Algorithmic reconstruction of rooted trees
M. Tarsi and J. Pearl

Let T be a rooted tree with n leaves xy, x; - - - , .. A leaf x, is said to be the
leader of the triple ( x,, x;, =) if the path from  to z; contains the decpest common
ancestorofx,andx,.natripledounotﬁnvealeaderthmthewmmonamtorofau

three leaves is also the common ancestor of any two of them.

WethemdgMMmmuuQamwhcretheavaﬂableinforma-
tion is the leader (if there exists any) of every triple of leaves. We will try tc minimize
the number of triples for which we ask who the leader is.

Inordertostatethealgoﬁthmweﬁntmakethcfollowingoburvaﬁon.
Lemma 1

Letkbethemaximumnumberofsomofanodeinarootedtreerwithuleam.
'[hereexistsanodevof'rsuchthat-t-%<da(v)sk—"-:-l-whereda(v)isdcﬁnedtobethe

aumber of leaves which are descendant of v, and des()=1if v is a leaf

Proof

Let v, be the root of 7. Define v,., to be that son of v, which has the largest des(.)
value among all the sons of .. We thus defined a sequence vo vy, **° Vi, Vi+1s " Vm

where the last term (v,) is a leaf. Let v, be the first node in the sequence v, v, - - - va

~ with des(v)) = ;i—'l- . v; does exist, becanse des(v,) = » and des(v,) = 1. Now, from

kn
des(vp-1) > 347

we obtain






d"("j—l) > B
k k+1

dﬂ'(\’f) =

as required.
The algorithm:

Let T be a rooted tree with leaves x; x5 - % Every node of T which is not a
leaf has at least 2 and at most k sons. Our algorithm constructs a sequence of trees
T, Ty, - T., Where T, is the tree (spacefordiagl'am)f,-randn+1isobtainedby
adding x;., as a new leaf to 7. T,wmﬂdbethesubueeofromtainingtheleavu

-x,whcreanonlcafnodewhichdounothaveanymisrcmovedandanynode
whxchrmmnsthhpntonesonmrcphwdbyanedgeptmngtheson&realytonsfa-
ther. Thelomnonwherex,+1shouldbeaddedtonmfoundmthcfouowxng'b|nary
search-like” algorithm.

Procedure add (integer i) Begin

1. Tc-T,(T,isasubu'eeofntowhichxmismbeadded. It becomes progressively
smallerbyeliminaﬁngthosesecﬁomoinknownnottocontainxm (statements 8,

9, and 10).
2. s: = the number of leaves in T..

3. If s=2 let 7 be the root of T. and 1, x, its two leaves.

4. If:>25electasvanynodeofrforwh1ch—-—<da( v)= == (lemma 1) and let

k+1 k+1

x, x, be two leaves whose commeon ancestor is v.






10.

11.

13.

14.

Ask for the leader of the triple (x,., 5, ) (with respect to T).
If s > 2 then begin.

Deﬁneaparﬁtionof'r,iansuhtrees:T,lrootedatFwithallthcdaccndanuofv

andr.,,-'r,—r,linwhich'ﬁiscomidued a leaf.
If.!H.l is the leader of (%1419 x,.xk) thensetT, = Tc’.

Ifthereisnoleader,setrc=T,1&omwhichthe2moﬁ'whoaedaecndantsare

vgandv,areremovedwithallthdrdmcmdants.

If x, (orxk)istheleadcr,setTcathesubtreeochlrootedatthatsonof?whichis

the ancestor of x, (or x;, respectively).
GOTO2 END
If s=2 then begin

If x (orxh)isthcleadcraddanewmdeontheedgcotx,orx,, respectively, and
make it the father of x4,

Ifx,+1istheleadcraddancwrootandmakexmandtheoldrootihissons.






1S.  If there is no leader, make x;,, a son of v.

16. END END Add

Complexity Analysis

Whencverthcprmdmaddisawlicdtomtmctrmontofr,itstamto
search on a tree with i leaves. After each leadership test (statement 5) the search

procwdsonasubtreewhichmightcontainatmostafracﬁonk—:-l-oftheleavuofthe

previous subtree. Thus, the number of steps (leadership tests) can be at most 10g,.+, (i)-
[

T‘hccompltyofthecnﬁrcalgoﬁthmisthcsumofthisammmtover
i=2,3, -+ - n=logg; (nl) =0 (nlogn) for every fixed number £. However, if the degree k
&
isnotbounded,theconstrucﬁonofrmoutofnmighttakeupmismpswhichlcadsto
atotalcomplexityofii=1'-('%1)-=0(nz). This upper bound will actually be achieved
im]

inastar-!ikeu'ee,whcreallnleavamsonsofthemot.






The number of different binary (and thus any fixed x=2) trees on » labeled leaves
" can be lower bounded by a! using the following construction: Take a simple path
@y, a * - G make a; the root, and for every permutation P=Xp, X - - - X;, construct a
binarytrecf(?)makingcveryxi’thewnofa,. This shows that spending 0 (n logn) tests
is the best possible for this kind of problem. (Everylcadcrshiptutprovidaoncoffour

possible answers and this gives two bits of information.)

Thenumbaofteapossibleinthcmsewhcrekisnmwundedmbeesﬁmawd
as follows: Sincenonodeof!‘hasjustoncson,thctotalnumberof@ainrislas
than twice the number of leaves—-2a. On 2» labeled nodes there exist 2222 different
spanningtrw,thusb”"’isanupperboundmouru-ee-cmmﬁngpmblem. To identify
one of these spanning trees would require at least log(2n>*~2) tests, which is still O(nlogn);
thus,m:ralgoﬁthm,withO(nz),isnotguamteedopﬁmaJityinthisme.






