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Appendix
Proof of Theorem 4

Theorem 4. Given a causal diagram G and a distribution
compatible with G, let W U U be a set of variables satisfy-
ing the back-door criterion in G relative to an ordered pair
(X,Y), where W U U is partially observable, i.e., only prob-
abilities P(X,Y, W) and P(U) are given, the causal effects
of X on'Y are then bounded as follows:

LB < P(y|do(x)) < UB

where LB is the solution to the non-linear optimization prob-
lem in Equation 9 and UB is the solution to the non-linear
optimization problem in Equation 10.
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where,

Zawu—Px:% wau—P
ch,u = P(z,w) forallw € W;

and forallw € W and u € U,

buwu = Cwu = Qu,u,

max{0,p(z,y, w) + p(u) — 1} < ay,u,
min{P(z,y,w),p(w)} = aw,u,
max{0, p(w) + p(u) — 1} < by u,
min{ P(w), p(u)} > buw,u,

max{0, p(z, w) + p(u) — 1} < cyp,u,
min{ P(z, w), p(u)} > cyu.-

Proof. To show that the LB and UB bound the actual
causal effects, we only need to show that there exists a
point in feasible space of the non-linear optimization that

w,ubw,u
> wo 2 is equal to the actual causal effects.
Cw,u

Since W U U satisfies the back-door criterion, by adjustment
formula in Equation 1, we have,

P(yldo(x)) = Y Plylz,w,u)P(w,u)

_ Pz, y, w,u)P(w, u)
B Z Pz, w,u)

Let
Ay = P(Iv Y, w, u)
bw,u = P(wvu)
Cwu = Pz, w,u)

We now show that the above set of Gy, v, by, Cw, are in
feasible space.

We have,

and,

for allw € Wand u € U,
by = Plw,u) > P(x,w,u) = Cyu,
= P(z,w,u) > P(z,y,w,u) = Gy,
(.I‘ y,w,u) < min{P(m,y,w),p(u)},
b = P(HW) < min{P(w), p(u)},
P(z,w,u) < min{P(z, w), p(u)},
aw,u = P(fc,y,w,U) >
max{0, p(z,y, w) + p(u) — 1},
bw,u = P(’LU,U) > max{(),p(w) —|—p(u) - 1}7
Cwu = Pz, w,u) > max{0, p(z, w) + p(u) — 1}.
Therefore, the above set of @y v, by u; Cw,u are in feasible

space, and thus, the UB and LB bound the actual causal
effects. O

Proof of Theorem 5

Theorem 5. Given a causal diagram G and distribution com-
patible with G, let W U U be a set of variables satisfying the
Sfront-door criterion in G relative to an ordered pair (X,Y),
where W U U is partially observable, i.e., only probabilities
P(X,Y,W) and P(U) are given and P(x,W,U) > 0, the
causal effects of X on'Y are then bounded as follows:

LB < P(y|do(x)) < UB

where LB is the solution to the non-linear optimization prob-
lem in Equation 11 and UB is the solution to the non-linear
optimization problem in Equation 12.

LB mlnz mwu Zam wu 7 (11)
UB = maXZ ”“Z% waP @) )
where,

Zax,w,u: 951/7 szwu—wa)

forallz € X and w € VV7

and forall x € X,w € W, and u € U,
bawu = Oz w,us

max{0,p(z,y, w) + p(v) — 1} < ag,w,u;
min{P(z,y, w), p(w)} = az,w,u,
max{0, p(z,w) + p(u) — 1} < by w,u,
min{P(z, w), p(u)} > by w.u-



Proof. To show that the LB and UB bound the actual

causal effects, we only need to show that there exists a

point in feasible space of the non-linear optimization that
0. o wuP@) .

Yo bjg'(“;’)“ 3, Tl () is equal to the actual causal

x/ w,u

effects.

Since W U U satisfies front-door criterion and
P(u,W,U) > 0, by adjustment formula in Equation
2, we have,

P(yldo(x)) = Y Plw,ulx))  Pyla’,w,u)P(z')

7 P(z,w,u) Pz, y,w,u)P(z")
Z P(x) Z Pz, w,u)

w,u
Let
Qg wu = P(.’IJ, Y, w, u>7
bpwu = Pz, w,u).

Similarly to the proof of Theorem 4, it is easy to show that the
above set of az 4 v, bz 0, are in feasible space, and therefore,
LB and UB bound the actual causal effects. O

Proof of Theorem 7

Theorem 7. Let G be a causal diagram containing nodes
W, Vo3, X, Y, Z}. Let O be any observational data
compatible with G. Suppose there exists a set of variables
that satisfies the back-door or front-door criterion relative
to (X,Y) in G, then, (G, O) is equivalent to (G',0") (G’
containing nodes {V, ..., V,_3, X, Y, W, U}, O’ is observa-
tional data compatible with G'), where the number of states
in W times the number of states in U is equal to the number
of states in Z, and the structure of G' and the observational
data O’ are obtained as follows:

Structure of G':
Let Parentsq(H) be the parents of H in causal diagram G.
Parentsq:(U) = Parentsg(Z), Parentsg/(W) =
Parentsq(Z)U{U},
Parentsg:(H) = Parentsg(H) if Z ¢ Parentsg(H)
JorHe {Vq,..V,_5, XY}
Parentsg:(H) = Parentsqg(H)\ {Z}U{W,U} if Z €
Parentsg(H) for H € {V1,..,V,,_3, X, Y

Note that, let Q) be the set of variables in G that satisfies
the back-door or front-door criterion relative to (X,Y), then
Q' satisfies the back-door or front-door criterion relative to
(X,Y)in G’ where
Q=QifZ¢Q,
Q@ =Q\{Z}UiW. U} iFZeQ.

Observational data:
Let the number of states in W be p, and let the number of
states in U be q.
The states of Z is the Cartesian product of the states of W and
the states of U.
In detail, (wj,uy) is equivalent to z(j_1yqir, Wj is
equivalent to Vi_,(wj,ur) = Vi_i2(j—1)egth and
uy is equivalent to Vi_j(wj,ug) = Vi_12(j_1)sqth
ie, P(wj,up,V) = P(z(j—1)sqsk,V) for any V. C
W, ., Vs, X, Y1

Proof. First, we show that Q' satisfies the back-door or
front-door criterion relative to (X,Y") in G'.

If @ satisfies the back-door criterion relative to (X,Y") in
G, we need to show that,

* no node in @’ is a descendant of X

* ' blocks every path between X and Y that contains an
arrow into X.

It is easy to show that if there is a node in Q' that is a descen-
dant of X in G’, then there is a node in @ that is a descendant
of X in G. And if there is a path between X and Y that
contains an arrow into X does not blocked by @’ in G, then
there is a path between X and Y that contains an arrow into
X does not blocked by Q in G. Thus, Q' satisfies the back-
door criterion relative to (X,Y) in G’. Similarly, we can
show that if () satisfies the front-door criterion relative to
(X,Y) in G, then @)’ satisfies the front-door criterion relative
to (X,Y)in G'.

Now, we show that (G, O) is equivalent to (G',0'), i.e.,
show that P(y|do(z)) is the same between (G,O) and
(G',0’). Suppose @ satisfies the back-door criterion relative
to (X,Y) in G. By adjustment formula in Equation 1, we
have,

P(yldo(z)) = Y,eoPWlz,9) x Plg =
> Pz,y,.q)xP(a)

9€Q " P(z,9)
Andin G,
P(yldo(z)) =

P(x x P

e S
it is obviously that these two causal effects are the
same, because P(w;,ur,V) = P(2(j_1)sq+k, V) for any
VvV C {Vrla ) an?n X7 Y}

Similarly, we can show that if () satisfies the front-door
criterion relative to (X,Y’) in G, (G, O) is equivalent to
(@,0. O

e Plylz.q) x Plg) =

Simulation Algorithm for Generating Sample
Distributions

The two sample distributions generated in the paper (in two
Simulation Results sections) were generated by Algorithm 2
with D equal to the uniform distribution.



Algorithm 2: Generate-cpt()

Input: n causal diagram nodes (X1, ..., X,); Distribution D.

Output: n conditional probability tables for
P(X;|Parents(X;)).

I: fori =1tondo

2: s = num-instantiates(X;);

3:  p=numinstantiates(Parents(X;));
4 for k = 1topdo

5: sum = 0;

6: for j =1tosdo

7 a; = sample(D);

8: sum = sum + a;;

9: end for

10: for j = 1tosdo

11: P(x;;|Parents(X;),) = a;/sum;
12: end for

13:  end for

14: end for

Construction of the Data in Table 4

= P(z1)/P(u) = 0.3/0.5 = 0.6,
P(wlu') = P(u’,w)/p(u)

= P(z3)/(1 — P(u)) = 0.2/0.5 = 0.4,

P(
P(

P(

P(

P(

P(

P(y|lz,u,w") = P(y|z, 22) = 0.7,
P(y|x/a uvwl) = P(y|x/: z2) = 0.1,
P(y|x’u/7w) = P(ylz,z3) = 0.6,

P(ylz', v, w) = P(y|a', z3) = 0.5,
Plyle,,w') = Plylz, 2) = 05,
P(

yla', v w') = P(yla’, z4) = 0.4.

Construction of the Distribution in the Example of

Dimensionality Reduction

Here is how the data used in the example of Dimen-
sionality Reduction were generated (both P(X,Y, Z) and
P(X,Y,W), P(U)). Instead of providing the resulting 1024
rows of the observational data, we provide the details for
regenerating the observational data as following steps.

* Generate P(X,Y, Z) using Algorithm 2.

e Let P X,KU)J7’U,]€) = P(_X7Y, Z(j*l)*lﬁ#»k)'

(
(Xa}/aw]): Z:lP(X7ij7uk)'
(

o Let P(X,Y,ug) = ?:1 P(X,Y,w;,u).
* Let P(uk) = ZX,Y P(X, Y, uk).

For example,

P(uy)

> P(X,Y,u)

Xy

P(z,y,u) + P(x,y',uy) +
+P(2, y,ur) + P2’y uy)

16 16
ZP(I7yawj7ul) + Zp(z7yl7wjaul) +
j=1 j=1
16 16
+ZP(x/7y7wj7ul) +ZP(1‘/ay/awj7U1)
j=1 j=1
16
Zp(xvyaz(jfl)*erl) +
j=1
16
+ZP(xay/az(jfl)*16+l) +
j=1
16
ZP(xl7y7Z(j—1)*16+l) +
Jj=1
16
+ZP($/>y/»Z(j—1)*16+1)»
j=1
P(Jf'vyawl)

16
Z P(I, Y, wq, uk)
k=1

16
ZP(J”7 y,Zk>-
k=1
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