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8 Appendix therefore, we have
8.1 Proof of Theorem 1 z-PNS < min[P(yz|2), P(y}|2)]
We first prove three lemmas. Also, by (8),
Jlgzmma 5. The z-specific PNS P(y.,y..|%) are bounded as z-PNS < P(z,y|2) + P(2,y/|2)
ollows:

Similarly to (9), we have

0 zPNS = P(y'|2) = P(y,y.|2) + P(z,y,y,2)
= P, yzl2) + P2y, 4 2)
P(yz|2) = P(yar|2) ’
ML\ Pylz) - Plya|z) (=W ) = P(yal2) = P(y,yal2) + P(a,y, 4l l2)
P(ya|z) = P(yl2) P(yz|2) = P(y, y=|2) +
P(z,ylz) — P(z,y, yar|2)
P = P(ysl2) — P(y.uol2) + Playlz) -
min<{ Py, z|z) —l—zP(y',x’|z) > z-PNS (6) P(yar|2) + P(2, y, yr |2 )
Pys|2) — P(ysr|2)+ P(z,y',yar|2) + P(@', Y yar|2)
+P(y,2'|2) + P(y', z[2) = P(ylz) = P(y,y:]2) +
Proof. Since for any three events A, B and C, we have P(z,ylz) — P(ya|2) +
P(a’,ylz) + P(2,y, ya|2)
P(A, B|C) > maz|0, P(A|C) + P(B|C) — 1 7
(4, B|C) = maz[0, P(A|C) + P(B|C) — 1] ) — P(yl2) — Plyw|?) + Pl yl2) +
therefore, we have P(z,yl2) = P(y,yal2) + P2,y yar|2)
z-PNS > max|0, P(y.|z) + P(y./|2) — 1] = P(ys]2) — P(yawr|2) + P(2',yl2) +
= maz0, P(yy|2) — P(ya|2)] P(z,yl2) — P(z,y,yz|2) — P(@, y, ya2) +
AISO, P( | ) (l‘ yl y;/|2’)
= P(ya]2) — P(yar|2 )+P($'»y|z)+
z-PNS = P(yahy:r’v‘r| )+P(yx7y/z”x/|z) P( | ) (x y y/,|z) —P(.’I}I Y, Y. ‘z)
;o T y Iy Y
P(y, Yo, |2) + Pya,y', 2'|2) o ®) < P(ya|2) — Plyw|z) + P(z',y|2) + P(z,9/|2)
= Pleyle) = P,y 90 |2) + Plya, ¢/, 27]2) Thus, the upper bounds are proved. O
P(z,ylz) = P(y, yar|2) +
Py, yar|2) + Py, i/, 2] 2) Lemma 6.
= P(z,ylz) = P(y, yr|2) + Py, Yur|2) — P(Yps Y |2)
P’ ylz) + P(ya, 9, 2'|2) = P(yalz) = Pyar|z) (12)
P(ylz) = P(y,yw|2) + P(2',y, y2l2) (9 Proof.
Plla) = Pl garlz) + P(as3lel2) — Py 44 12)
P(y 7y$|z) (LL' y yw"z) = P(ymyuL ’x‘ )—|—P(yx,y;,, /|z)
= P(ylz) = P(y,yar|2) + Plyar, v, 2]2) — Plys, o, 2'|2)
P(y'sual2) = Py, 9l2) = Pl l2) + Plusy',a'l2) -
= PUl) = Plyywle) + PYsyelz) - (10) P(yo,y',xl2) = P(y, ym a'|2)
By (10), = Py, 2[2) = P(yar, ¥/, xl2) +
z-PNS > P(ylz) — P(y,ya'|2) P(ye,y' 2'|2) = P(y, vy, 2']2) /
> P(y|z) - P(ym/|z) = P((E y| ) P(yaym/aﬂ )7 (ym’7y ,(E|Z) +
Also by (10) and (7) P(yx,y €T |Z) +P(y,yr,:p/|z) *P(SCC?J‘Z)
’ , = P(2,yl2) = Plyar,2]2) + Plys.a'|2) — Pa’,y]2)
zPNS > P(ylz) — P(ylz) + P(y', ya[2) = Plz,ylz) — Plyw|2) + Plye, 2'|2) +
> P(y']2) = P(y,l2) P(ya|2) — Plya, z|2) — P(2,y|2)
= P(yz]2) — P(yl2) = P(z,y|z) — P(yw|2) + P(y,2'|2) +
Thus, the lower bounds are proved. P(y.|z) — P(y,x|z2) —P($/ay|z)
And since for any three events A, B and C, we have = P(y.|2) — P(yw|2)

P(A, B|C) < min[P(A|C), P(B|C)] 11 O



Lemma 7. The -counterfactual expression f(a) =
aP(yz, Yy lz) — (1 = a)P(yw,y,|2) for any real num-
ber o are bounded as follows.

Case I: a € (—00,0.5)

aP(yz|z) = (1 - a)P(yar|2)

(1 - a)P(y,]2) + aP(yl|2) + a - 1

(
max +(2a — 1) P(

+(2a—1)P( ,x'|z);—

< fla) 13)

(1 = a)[P(yz]2) — P(yar]2)]
alP(yz|z) — P(ya|2)]

min (2a — 1)P(ylz)+
+(1 = @) P(yz]2) — aP(ya|2)

aP(y.|z)—
—(1 = a)P(yr|2) — (200 = 1) P(y|z)

> f(a) (14)

Case 2: a € [0.5,00)

(1 = a)[P(yz|2) — P(yar|2)]

(2a = 1)P(y|2)+
+(1 = a)P(yz|2) — aP(ya|2)

O‘P(ym|z)7
—(1=a)P(yer|z) = (20 = 1)P(ylz)

< fla) s)

max

aP(yz]z) — (1 — @) P(ya|2)

(1 =) P(yz|2) + aP(y,|z) + a =1

> fo) (16)
Proof. By lemma 6,

fe)

P (Yo, Y| 2) —

P (Y, Y| 2) —

(1 = a)(P(Ya, Y| 2) —
= (2a—=1)PYu,ypl2) +

(1 = a)P(yar, Yy |2)

(1= a)(P(yzlz) = P(yar|2)) (17)
By lemma 5, substituting (5) and (6) into (17), case 1 and 2
in lemma 7 hold. O

Now, let’s prove theorem 1.
Proof.

f(B,7,0,9)
= BP(Yw,Yu|2) + YP (Y, yar[2) +
9P(ym7yz,| )+§P(y;aym”|z)
= BPWYs,Yul?) + V[P (Yal2) = P(Yo,yur[2)] +
0P (Yy) = Py, Yo 12)] + 0P (Y yar|2)
= YP(yz|z) + 0P(yy|2) +
(B =7 = )P (Y, Yur|2) = (=0)P(yg, yar[2) (18)
By lemma 7, let @ = %, substituting (13) to (16) into
(18), theorem 1 hold. O

8.2 Proof of Theorem 4

Lemma 8. If Y is monotonic relative to X, z-specific
PNS = P(yg,y./|2) is identifiable whenever the causal
effects P(yx|z) and P(y.|z) are identifiable:

PNS = P(ys,ym2)
= P(yzl2) — P(ya|2).

Proof. Since y, and y/, are complementary, so Yy, V Y}, =
true, therefore, we have

ya::yw/\<ya:’vy;’):(yw/\y$’)\/<ym/\y;’) (19)
Similarly,
Yoo = Yo N (Y2 VY3
= (yz’ A yw) \ (yoc’ A y;)
= Yo NYzx (20)

Since monotonicity entails that y,- A y., = false.
Substituting (20) into (19) yields

Yo = Yo' V (yz A y;’)
Thus, for any z, we have,
(Yo N Yr N 2) 21)

Taking the probability of (21) and using the disjointness of
Y, and y/,, we obtain

P(yyaz) :P(y’c’az) +P(y$ay;’az)

Yo N2 = (Yo N2) V



Therefore,

P(ys|2) = P(yaur|2) + P(ya, Yo |2)

or

P(yz,y;,|z) = P(yz|z) - P(ya:’|z) (22)
O

Now, let’s prove Theorem 4.

Proof.

f(8,7,0,0)
= BPWa, Yo |2) + VP Y, yar|2) +
QP yzvya:’| )+6P(y§v’yw'|z>
= BIPYzl2) = P(Ya» yar[2)] +
[ (yﬂc’| ) (ymvyz/| )] +
0[Py, |2) = P(yg, yar|2)] + OP(Yy, yar|2)
[P(yﬂﬂ| ) (yz/| ) + P(y;vyz"z)] +
VNP War|2) = P(yg, yar[2)] +
0[P (yz]2) — P(yy, yar|2)] + 0P (Y, Yar |2)
= BP(yul2) + (v = B)P(yar|2) + OP(y,|2) +
(6 +6 - Y= 9>P(y;7y$’|z)
Thus, with § 4+ § = « + 0, theorem 4 hold.
Also if monotonicity, we have,

P(Yar,yz]2) =0 (23)

By lemma 8, substituting (23) and (22) into (18), theorem 4
holds. O

=B
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